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Abstract
The conventional wisdom of mean-variance (MV) portfolio theory asserts that the
nature of the relationship between risk and diversification is a decreasing asymptotic
function, with the asymptote approximating the level of portfolio systematic risk or un-
diversifiable risk. This literature assumes that investors hold an equally-weighted or a
MV portfolio and quantify portfolio diversification using portfolio size. However, the
equally-weighted portfolio and portfolio size are MV optimal if and only if asset returns
distribution is exchangeable or investors have no useful information about asset expected
return and risk. Moreover, the whole of literature, absolutely all of it, focuses only on
risky assets, ignoring the role of the risk free asset in the efficient diversification. There-
fore, it becomes interesting and important to answer this question: how valid is this
conventional wisdom when investors have full information about asset expected return
and risk and asset returns distribution is not exchangeable in both the case where the
risk free rate is available or not? Unfortunately, this question have never been addressed
in the current literature. This paper fills the gap.
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1 Introduction
The conventional wisdom of mean-variance (MV) portfolio theory asserts that the nature of
the relationship between risk and diversification is a decreasing asymptotic function, with
the asymptote approximating the level of portfolio systematic risk or undiversifiable risk
(see Bird and Tippett, 1986; Bloomfield et al., 1977; Elton and Gruber, 1977; Evans, 1975;
Evans and Archer, 1968; Johnson and Shannon, 1974; Lloyd et al., 1981; Statman, 1987;
Wagner and Lau, 1971). This literature assumes that investors hold an equally-weighted
or a MV portfolio and quantify portfolio diversification using portfolio size. However, the
equally-weighted portfolio and portfolio size are MV optimal if and only if asset returns
distribution is exchangeable or investors have no useful information about asset expected
return and risk (see Markowitz, 1952; Samuelson, 1967). Moreover, the whole of literature,
absolutely all of it, focuses only on risky assets, ignoring the role of the risk free asset in
the efficient diversification. Therefore, it becomes interesting and important to answer this
question: how valid is this conventional wisdom when investors have full information about
asset expected return and risk and asset returns distribution is not exchangeable in both
the case where the risk free rate is available or not? Unfortunately, this question have never
been addressed in the current literature.
The objective of this paper is to fill this gap. To do this, we examine analytically the nature
of the relationship between risk and diversification in the MV model when investors have
full information about asset expected return and risk and asset returns distribution is not
exchangeable. We consider two cases, one in which assets are risky and one assuming the
existence of the risk free asset. In both cases, we assume that short sales are allowed. We
measure risk by the variance of a portfolio return as suggested in the MVmodel. We quantify
diversification using a new measure other than portfolio size. We derive this measure
exploiting the definition of the preference for diversification in the expected utility theory
(EUT) and the relation between the EUT and the MV model. By doing so, we demonstrate,
contrary to Fernholz (2010), that there is a specific measure of portfolio diversification in the
MV model. This measure is the approximate version of “diversification return”, a measure
of portfolio diversification introduced by Booth and Fama (1992) and by Fernholz (2010);
Fernholz and Shay (1982) under the name of excess growth in stochastic portfolio theory.
Our results suggest, in both cases, that the conventional wisdom no longer holds, except for
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particular values of the MV model inputs. The nature of the relationship between risk and
diversification is an inverted U-shaped concave function in the diversification-risk plane.
The rest of the paper is organized as follows. In Section 2, we introduce the new portfolio
diversification measure considered in this paper. In Section 3, we derive the analytical
relationship between risk and diversification. Section 4 concludes.
2 Measuring Diversification
The essential of the existing literature measures portfolio diversification using portfolio size.
This measure was introduced by Evans and Archer (1968) inspiring from the capital asset
pricing model (CAPM). However, while portfolio size is an optimal portfolio diversification
measure when asset returns distribution is exchangeable or investors have no useful informa-
tion about asset expected return and risk, this measure is insufficient to accurately quantify
portfolio diversification when investors have full information and asset returns distribution
is not exchangeable. For example, even before Evans and Archer (1968)’s work, Markowitz
(1952) reports that:
“The adequacy of diversification is not thought by investors to depend solely
on the number of different securities held.”
Sharpe (1972) also reports that:
“The number of securities in a portfolio provides a fairly crude measure of
diversification”
Therefore, in this paper, we propose a new measure to quantify portfolio diversification. We
derive this measure exploiting the definition of the preference for diversification (PFD) in
the expected utility theory (EUT) and the relation between the EUT and the mean-variance
(MV) model.
There are several notions of PFD in theory of choice under uncertainty, but all are proven
to be equivalent in the EUT (see Chateauneuf and Tallon, 2002). Thus, we focus only
on that defined in Dekel (1989) and extended later by Chateauneuf and Lakhnati (2007);
Chateauneuf and Tallon (2002) to the space of random variables, because it facilitates our
analysis. Consider a decision maker who chooses from R, a vector space of bounded real-
valued random variables. For R ∈ R, FR will denote the cumulative distribution function
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of R. Let  be the preference relation over R of a decision maker. Assume that  has a von
Neumann-Morgenstern (VNM) expected utility representation i.e. there exists a function
u : R −→ R such that
R1  R2 ⇐⇒ Eu(R1) ≥ Eu(R2),
where Eu(R) =
∫
u(r)dFR(r). Moreover, u is unique up to positive affine transformations.
Definition 2.1 (Chateauneuf and Tallon (2002)) The preference relation  exhibits
preference for diversification if for any Ri, i = 1, ..., N ∈ R and wi ∈ [0, 1], i = 1, ..., N
such that
∑N
i=1wi = 1,
R1 ∼ R2 ∼ ... ∼ RN ⇒
N∑
i=1
wiRi  Rj ∀ j = 1, ..., N.
Definition 2.1 implies that
Eu(R1) = ... = Eu(RN ) =⇒ Eu
(
N∑
i=1
wiRi
)
≥ Eu(Rj) ∀ j = 1, ..., N.
The gain of diversification in the EUT can therefore be measured by
Eu (w) = Eu
(
N∑
i=1
wiRi
)
− Eu(Rj),
where Eu(R1) = ... = Eu(RN ) and w = (w1, ..., wN )
⊤. By analogy, the gain of diversifica-
tion in the EUT can be measured in general by
Eu (w) = Eu
(
N∑
i=1
wiRi
)
−
N∑
i=1
wi Eu(Ri).
It is well-known that the MV model is a special case of the EUT when utility function is
the exponential utility function and asset returns are elliptical distributed. Therefore, the
definition of the PFD in the EUT is also valid for the MV model, since it is invariant to
asset returns distribution. It follows that the benefit of diversification in the MV model can
be measured by
UMV (w) = UMV
(
N∑
i=1
wiRi
)
−
N∑
i=1
wi UMV (Ri), (1)
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where UMV (.) is the MV utility function
UMV (R) = E(R)−
γ
2
V(R) (2)
with γ is the investor’s risk aversion coefficient, E(.) the expectation operator and V(.) that
of the variance. Substituting UMV (.) from (2) into (1), we obtain
UMV (w) =
γ
2
(
N∑
i=1
wi σ
2
i − σ2(w)
)
,
where σ2i is the variance of asset i and σ
2(w) = w⊤Σw is portfolio variance with Σ the
covariance matrix of asset returns. The portfolio diversification measure in the MV model
is therefore
EDM(w) =
N∑
i=1
wi σ
2
i − σ2(w). (3)
As a result, contrary to Fernholz (2010), there is a specific measure of portfolio diversi-
fication in the MV model, which is the approximate version of “diversification return”, a
measure of portfolio diversification introduced by Booth and Fama (1992) and by Fernholz
(2010); Fernholz and Shay (1982) under the name of “excess growth rate” in stochastic
portfolio theory. EDM(w) can also be rewritten as follows
EDM(w) =
N∑
i=1
wi
(
σ2i − σ2(w)
)
. (4)
The term in the parenthesis, σ2i − σ2(w), measures the benefit of diversification, in term
of risk reduction, to hold portfolio w instead of to concentrate on asset i. It follows that
EDM(w) measures the average benefit of diversification, in term of risk reduction, to hold
portfolio w instead of holding a single asset portfolio.
3 Risk and diversification: analytical relationship
In this section, we revisit the relationship between risk and diversification in the MV model.
We consider two cases, one in which assets are risky and one assuming the existence of
the risk free asset. We quantify the diversification by our proposed measure and the risk
by the variance of a portfolio returns as recommended in the MV model. We present
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the relationship in the diversification-risk plane instead of the risk-diversification plane as
usual. This facilitates our analysis. We assume that investors have full information and
asset returns distribution is not exchangeable. In other words, investors hold the MV
optimal portfolio and this portfolio is different to the equally-weighted portfolio. Further,
we assume that short sales are unrestricted. This allows us to have an exact relationship.
3.1 Assets are risky
Consider the case where we have N risky assets. In that case, the MV optimal portfolio
denoted by wMV is
w
MV ≡ wMV (τ) = τ
(
Σ−1µ− B
C
Σ−11
)
+
Σ−11
C
, (5)
where τ = 1γ is investor’s risk tolerance coefficient, µ = (µ1, ..., µN )
⊤ is the vector of
asset expected returns, 1 = (1, ..., 1)⊤ is the vector column of ones, B = µ⊤Σ−1 1 and
C = 1⊤Σ−1 1. The risk of portfolio wMV , measured by its variance denoted by σ2
(
w
MV
)
,
is
σ2
(
w
MV
) ≡ σ2 ◦wMV (τ) = D
C
τ2 +
1
C
, (6)
where D = AC −B2 with A = µ⊤Σ−1µ. As we can observe, portfolio risk is an increasing
function of investor’s risk tolerance coefficient τ , since τ ≥ 0. We focus therefore on the re-
lationship between investor’s risk tolerance coefficient and diversification. The relationship
between risk and diversification is presented in the Appendix A.
From (3) and (5), the diversification degree of portfolio wMV is
EDM
(
w
MV
) ≡ EDM ◦wMV (τ) = −D
C
τ2 +
(EC − FB)
C
τ +
F − 1
C
, (7)
where E = µ⊤Σ−1σ2 and F = 1⊤Σ−1σ2 with σ2 = (σ21 , ..., σ
2
N )
⊤ the vector of asset
variances. Equation (7) represents the relationship between investor’s risk tolerance coef-
ficient and diversification in the MV model when assets are risky, short sales are allowed,
investors hold the MV optimal portfolio and asset returns distribution is not exchangeable.
Examination of the first and second derivatives in respect of τ shows that EDM
(
w
MV
)
is
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Figure 1: Risk and diversification relationship when investors have full information and
asset returns distribution is not exchangeable: case where assets are risky
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We consider a universe of four assets. The variance-covariances matrix is Σ =(185.0 86.5 80 20.0
86.5 196.0 76 13.5
80.0 76.0 411 −19.0
20.0 13.5 −19 25.0
)
. In the case where EC − FB > 0, µ =
(14 12 15 7)⊤. Otherwise i.e. EC − FB ≤ 0 µ = (0.14 0.12 0.15 0.7)⊤.
strictly concave function of τ with a unique maximum point where
∂EDM(wMV )
∂τ = 0, i.e.
∂EDM
(
w
MV
)
∂τ
=− 2D
C
τ +
(EC − FB)
C
(8)
=0 when τ =
EC − FB
2D
(9)
∂2EDM
(
w
MV
)
∂τ2
= −2D
C
< 0 (10)
Since τ > 0, there are two cases in point depending of sign of EC − FB. Assume that
EC − FB has negative sign i.e. EC − FB ≤ 0. In that case, since D > 0 and C > 0,
∂EDM
(
w
MV
)
∂τ
< 0. (11)
It follows that EDM
(
w
MV
)
is a strictly decreasing concave function of τ (see Figure 1).
An investor with a high (low) risk tolerance coefficient may hold a less (more) diversified
portfolio. In other words, an investor with a high (low) risk aversion coefficient may hold a
more (less) diversified portfolio.
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Now, assume that EC − FB has positive sign i.e. EC − FB > 0. In that case,


∂EDM(wMV )
∂τ ≥ 0 if 0 ≤ τ ≤ EC−FB2D
∂EDM(wMV )
∂τ ≤ 0 if τ ≥ EC−FB2D .
(12)
It follows that EDM
(
w
MV
)
is an inverted U-shaped concave function with maximum
at τ = EC−FB2D (see Figure 1). The diversification is more attractive for investors with
intermediate levels of risk aversion coefficient. The very risk averse investors should choose
to hold a less diversified portfolios constituting mainly of less risky assets. Similarly, the very
lower risk averse investors should choose to hold a less diversified portfolios, but consisting
mainly of assets with higher expected return.
Since portfolio risk is an increasing function of investor’s risk tolerance coefficient τ , we
have the following result.
Conclusion 1 When investors have full information and asset returns distribution is not
exchangeable, the conventional wisdom holds if only if the mean-variance inputs is defined
such as EC − FB ≤ 0. Otherwise i.e. EC − FB > 0, the conventional wisdom no longer
holds. The nature of the relationship between risk and diversification is an inverted U-shaped
concave function in the diversification-risk plane (see Figure 3). A lower risk portfolio does
not necessary exhibits higher diversification degree. The diversification is more attractive
for investors with intermediate levels of risk aversion coefficient than investors with higher
or lower levels of risk aversion coefficient.
3.2 Risk free is available
Now, consider the case where the risk free asset is available. In that case, the MV optimal
portfolio is a combination of the risk free asset and the tangent portfolio (risky portfolio)
as follows wMV = (wf , (1 − wf )wtg), where wf is the weight of the risk free asset and wtg
that of the tangent portfolio. The tangent portfolio wtg is obtained independently of the
risk aversion coefficient
w
tg =
Σ−1(µ− µf 1)
B − C µf
, (13)
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where µf is the risk free asset rate. While the risk free portfolio wf is obtained dependently
of τ
wf ≡ w(τ) = 1− (B − C µf ) τ. (14)
The risk of the tangent portfolio wtg is
σ2
(
w
tg
)
=
S2
(B − C µf )2
, (15)
where S =
√
Cµ2f − 2Bµf +A. The risk of optimal portfolio wMV is
σ2
(
w
MV
)
= (1− wf )2σ2
(
w
tg
)
. (16)
From (14), we have
1− wf = (B − C µf ) τ. (17)
Substituting 1−wf from (17) into (16), we can write portfolio risk, σ2
(
w
MV
)
, as function
of investor’s risk tolerance coefficient τ
σ2
(
w
MV
)
= τ2 (B −C µf )2 σ2
(
w
tg
)
. (18)
In the existing literature, only the risk of tangent portfolio is considered. Doing so the exist-
ing literature ignores the role of the risk free asset in the efficient diversification. However,
investors care about the risk of portfolio as whole, not only about the risk of the tan-
gent portfolio. Further, risk free asset plays an important role in portfolio diversification,
since its return is uncorrelated with risky assets. Thus, study the relationship between risk
(σ2
(
w
MV
)
) and diversification (EDM
(
w
MV
)
) is equivalent to study the relation between
diversification and the weight of risk free asset (wf ) or investor’s risk tolerance coefficient
(τ). We focus therefore on the relationship between τ and EDM
(
w
MV
)
. The relationship
between risk and diversification is presented in Appendix A.
From (3), we have
EDM
(
w
MV
)
= (1− wf )
N∑
i=1
w
tg
i σ
2
i − (1− wf )2σ2
(
w
tg
)
. (19)
Substituting 1 − wf from (17) into (19), we write the equation for the diversification as a
9
function of risk aversion coefficient as
EDM
(
w
MV
)
= τ (B − C µf )
N∑
i=1
w
tg
i σ
2
i − τ2 (B − C µf )2σ2(wtg). (20)
Substituting wtg from (14) and σ2(wtg) from (15) into (20), we have
EDM
(
w
MV
)
= τ (E − F µf )− τ2 S2. (21)
Equation (21) represents the relationship between investor’s risk tolerance coefficient and
diversification in the MV model when risk free asset is available, short sales are allowed,
investors hold the MV optimal portfolio and asset returns distribution is not exchangeable.
The first derivation of (21) in respect of τ gives
∂EDM
(
w
MV
)
∂τ
= (E − F µf )− 2τ S2. (22)
The second derivation of (21) in respect of τ gives
∂2EDM
(
w
MV
)
∂τ2
= −2S2. (23)
As in the case of risk assets, there are two cases in point depending of sign of E − F µf :


∂EDM(wMV )
∂τ < 0 if E − F µf ≤ 0

∂EDM(wMV )
∂τ ≥ 0 if τ ≤ 2S
2
E−F µf
∂EDM(wMV )
∂τ ≤ 0 if τ ≥ 2S
2
E−F µf
.
if E − F µf ≥ 0.
(24)
From(24), we have the following result.
Conclusion 2 When investors have full information, asset returns distribution is not ex-
changeable and risk free asset is available, the conventional wisdom holds if only if the
mean-variance inputs is defined such as E − F µf ≤ 0. Otherwise i.e. E − F µf > 0, the
conventional wisdom no longer holds. The relationship between risk and diversification is
an inverted U-shaped concave function in the diversification-risk plane (see Figure 4). A
lower risk portfolio does not necessary exhibits higher diversification degree. The diversifi-
cation is more attractive for investors with intermediate levels of risk aversion coefficient
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Figure 2: Risk and diversification relationship when investors have full information and
asset returns distribution is not exchangeable: case where assets are risky
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We consider a universe of four assets. The variance-covariances matrix is Σ =(185.0 86.5 80 20.0
86.5 196.0 76 13.5
80.0 76.0 411 −19.0
20.0 13.5 −19 25.0
)
and µ = (14 12 15 7)⊤ and the risk free asset
rate is µf = 6. In the case where E − F µf > 0, the risk free asset rate is µf = 6.
Otherwise i.e. E − F µf ≤ 0, the risk free asset rate is µf = 13.
than investors with higher or lower levels of risk aversion coefficient.
4 Conclusion
In this paper, we have revisited theoretically the nature of the relationship between risk and
diversification in the mean-variance model. We have shown, regardless of whether or not
the risk free asset is available, that the conventional wisdom, which asserts that the nature
of the relationship between risk and diversification is a decreasing asymptotic function, with
the asymptote approximating the level of portfolio systematic risk or undiversifiable risk,
no longer holds when investors have full information about asset expected return and risk
and asset returns distribution is not exchangeable regardless of whether or not the risk free
asset is available, except for particular values of the MV model inputs. The nature of the
relationship between risk and diversification is an inverted U-shaped concave function in
the diversification-risk plane.
Acknowledgement We gratefully acknowledge the financial support from FQRSC.
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Appendix A Risk and diversification: explicit relationship
Here, we derive the explicit relationship between risk and diversification in the risk-diversification
plane.
A.1 Assets are risky
From (6) we have
τ =
√
C σ2 (wMV )− 1
D
. (A-1)
Substituting for τ from (A-1) into (7), we write the equation for the diversification of a MV
optimal portfolio as a function of its variance, as
EDM
(
w
MV
)
=
(
EC − FB
C
)√
C σ2 (wMV )− 1
D
− σ2 (wMV )+ F
C
(A-2)
Equation (A-2) represents the relationship between risk and diversification in the MV
model when assets are risky, short sales are allowed, investors hold the MV optimal port-
folio and asset returns distribution is not exchangeable. The first partial derivative of
EDM
(
w
MV
)
with respect of σ2
(
w
MV
)
is
∂EDM
(
w
MV
)
∂σ2 (wMV )
=
(
EC − FB
C
√
D
)
C
2
√
C σ2 (wMV )− 1
− 1. (A-3)
Its second partial derivative with respect of σ2
(
w
MV
)
is
∂2EDM
(
w
MV
)
∂σ2 (wMV )
2 = −
C
4
(
EC − FB
C
√
D
)(
C σ2
(
w
MV
)− 1)−3/2 (A-4)
There are two cases in point depending of sign of EC − FB. Assume that EC − FB has
negative sign i.e. EC − FB ≤ 0. In that case, since D > 0 and C > 0,
∂EDM
(
w
MV
)
∂σ2 (wMV )
< 0 (A-5)
∂2EDM
(
w
MV
)
∂σ2 (wMV )
2 > 0 (A-6)
It follows that diversification is an decreasing convex function of risk.
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Figure 3: Risk and diversification relationship when investors have full information and
asset returns distribution is not exchangeable: case where assets are risky
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We consider a universe of four assets. The variance-covariances matrix is Σ =(185.0 86.5 80 20.0
86.5 196.0 76 13.5
80.0 76.0 411 −19.0
20.0 13.5 −19 25.0
)
. In the case where EC − FB > 0, µ =
(14 12 15 7)⊤. Otherwise i.e. EC − FB ≤ 0 µ = (0.14 0.12 0.15 0.7)⊤.
Now, assume that EC − FB has positive sign i.e. EC − FB > 0. In that case,


∂EDM(wMV )
∂σ2(wMV )
≥ 0 if 1C ≤ σ2
(
w
MV
) ≤ 1C + (EC−FB)24DC
∂EDM(wMV )
∂σ2(wMV )
≤ 0 if σ2 (wMV ) ≥ 1C + (EC−FB)24DC .
(A-7)
It follows that diversification is an inverted U-shaped concave function of risk with maximum
when risk is equal to 1C +
(EC−FB)2
4DC (see Figure 3).
A.2 Risky free asset is available
From (16), we have
1− wf =
σ
(
w
MV
)
σ (wtg)
. (A-8)
Substituting 1−wf from (A-8) into (19), we write the equation for the diversification as a
function of risk as
EDM
(
w
MV
)
=
∑N
i=1w
tg
i σ
2
i
σ (wtg)
σ
(
w
MV
)− σ2 (wMV ) . (A-9)
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Substituting wtg from (14) and σ
(
w
tg
)
from (15) into (A-9), we have
EDM
(
w
MV
)
= −σ2 (wMV )+ (E − F µf
S
) √
σ2 (wMV ). (A-10)
Equation (A-10) represents the relationship between risk and diversification in the MV
model when the risk free asset is available, short sales are allowed, investors hold the
MV optimal portfolio and asset returns distribution is not exchangeable. The first partial
derivative of EDM
(
w
MV
)
with respect of σ2
(
w
MV
)
is
∂EDM
(
w
MV
)
∂σ2 (wMV )
= −1 +
(
E − F µf
2S
)
1√
σ2 (wMV )
. (A-11)
Its second partial derivative is
∂2EDM
(
w
MV
)
∂σ2 (wMV )
2 = −
(
E − F µf
4S
)(
σ2
(
w
MV
))− 3
2 . (A-12)
There are two cases in point depending of sign of E − F µf , since S > 0. Assume that
E − F µf has negative sign i.e. E − F µf ≤ 0. In that case,
∂EDM
(
w
MV
)
∂σ2 (wMV )
< 0 (A-13)
∂EDM
(
w
MV
)
∂σ2 (wMV )2
> 0 (A-14)
It follows that diversification is an decreasing convex function of risk.
Now, assume that E − F µf has positive sign i.e. E − F µf ≥ 0. In that case,


∂EDM(wMV )
∂σ2(wMV )
≤ 0 if 0 ≤ σ2 (wMV ) ≤ (E−F µf )2
4S2
∂EDM(wMV )
∂σ2(wMV )
≥ 0 if σ2 (wMV ) ≥ (E−F µf )24S2
(A-15)
and
∂EDM
(
w
MV
)
∂σ2 (wMV )
2 < 0. (A-16)
It follows that diversification is an inverted U-shaped concave function of risk with maximum
when risk is equal to
(E−F µf )
2
4S2
.
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Figure 4: Risk and diversification relationship when investors have full information and
asset returns distribution is not exchangeable: case where assets are risky
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We consider a universe of four assets. The variance-covariances matrix is Σ =(185.0 86.5 80 20.0
86.5 196.0 76 13.5
80.0 76.0 411 −19.0
20.0 13.5 −19 25.0
)
and µ = (14 12 15 7)⊤ and the risk free asset
rate is µf = 6. In the case where E − F µf > 0, the risk free asset rate is µf = 6.
Otherwise i.e. E − F µf ≤ 0, the risk free asset rate is µf = 13.
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